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ABSTRACT

In this work we propose a novel framework to obtain High Res-
olution (HR) images from Compressed Sensing (CS) imaging sys-
tems capturing multiple Low Resolution (LR) images of the same
scene. The proposed CS Super Resolution (SR) approach combines
existing CS reconstruction algorithms with an LR to HR approach
based on the use of a Super Gaussian (SG) regularization term. The
reconstruction is formulated as a constrained optimization problem
which is solved using the Alternate Direction Methods of Multi-
pliers (ADMM). The image estimation subproblem is solved using
Majorization-Minimization (MM) while the CS reconstruction be-
comes an l1-minimization subject to a quadratic constraint. The per-
formed experiments show that the proposed method compares fa-
vorably to classical SR methods at compression ratio 1, obtaining
excellent SR reconstructions at ratios below one.

Index Terms— Super resolution, compressed sensing, image
sampling, image reconstruction, image enhancement

1. INTRODUCTION

CS theory offers a framework for simultaneous sensing and com-
pression of signals. It establishes that a sparsely representable im-
age/signal can be recovered from a highly incomplete set of mea-
surements [1].

The design of CS image/video cameras (see [2, 3, 4, 5, 6]) has
fostered the application of typical image processing tasks to CS ob-
served images. For instance, CS has been applied to areas like radar
analysis, face recognition, and biomedical imaging [7]. CS mea-
surements have also been used to recover images observed through
unknown blur [8, 9].

Some CS SR problems have also been addressed. For example,
coded aperture masks for SR image reconstruction from one image
[10], CS imagers acquiring SR images with few sensors [11], and
the extension of the single pixel camera concept to a multi-detector
device [12] have been proposed. SR from one CS image observation
has also been studied [13, 14, 15].

In this paper, SR image reconstruction from multiple CS warped
LR observations of the same scene is studied. Since when an HR
image is compressive, its warped, blurred, and downsampled ver-
sions are also compressive (see [8, 9]), they can be reconstructed
from CS observations. Consequently, conventional SR techniques

This paper has been supported by The European Union, Erasmus
Mundus program, the Spanish Ministry of Economy and Competitiveness
under project TIN2013-43880-R, the European Regional Development Fund
(FEDER), the CEI BioTic at the Universidad de Granada, and the Department
of Energy (DE-NA0002520).

can be applied to estimate an SR image from CS LR observations.
In this paper, however, we show that a combined CS SR approach
produces better results than first recovering the LR images and then
super resolving them. It is important to note here that the proposed
framework can be applied to Passive Millimeter Wave (PMMW) im-
ages, since the acquired images have very low resolution and CS
based PMMW imagers have already been proposed [16, 17].

The rest of this paper is organized as follows. The modeling
problem is stated in Section 2. The estimation process is presented in
section 3. We demonstrate the effectiveness of the proposed method
with experimental results in Section 4 and conclusions are drawn in
Section 5.

2. MODELING

In this paper we assume that we have access to a set of Q CS LR
observations of the form

yq = Φzq + rq q = 1, . . . , Q, (1)

where yq is an M × 1 vector representing compressed observations
from the LR image zq , Φ is an CS M×D measurement matrix, zq is
a column vector of size D×1 representing the q−th LR image and rq
represents the observation noise. We denote by R the compression
ratio of the measurement system, that is R= M/D. The sensing
matrix Φ consists of real entries [18], or it can be binary. The matrix
used in our work is of the binary format, since this can be synthesized
physically [4, 16, 17]. In both cases the rows/columns of Φ are
normalized to 1. We assume that the LR observations zq are related
to an HR image of size N, denoted by the column vector x by

zq = AHqC(sq)x +wq = Bq(sq)x +wq, (2)

where A is a D × N down-sampling matrix, D ≤ N , where N =
P 2D and P≥1 is the zooming factor, in each direction. Hq is an
assumed known N ×N blurring matrix, C(sq) is the N ×N warp-
ing matrix corresponding to the motion vector sq = [θq, dhq, dvq]

t,
where θq is the rotation angle, dhq and dvq are respectively the hor-
izontal and vertical translations of the q−th LR image with respect
to the reference frame, and wq is the noise corresponding to the LR
acquisition process. Finally, using (1) and (2) we can write

yq = ΦBq(sq)x + nq , for q = 1, . . . , Q, (3)

where nq represents the combined CS and LR acquisition noise and
x is the HR image we want to estimate. Since zq are translated and
rotated LR versions of the original image x (which are assumed to be
compressible in a transformed domain). We can estimate the original
HR image by recovering first the LR images using CS techniques
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then to utilize standard SR techniques on the recovered LR images
to obtain the sought HR image. To be precise, if we assume that the
LR images are sparse in a transformed domain with zq=Waq , we can
recover them from the model in (1) by solving

âq = argmin
aq

η

2
∥ ΦWaq − yq ∥2 + τ ∥ aq ∥1, (4)

where η, τ are regularization parameters, ∥ .∥ is the Euclidean norm,
and ∥ . ∥1 the ℓ1 norm. Then defining ẑq = Wâq we can estimate
the original image by solving

x̂ = argmin
x

β

2

∑
q

∥ Bq(sq)x − ẑq ∥2 + α Q(x), (5)

where α and β are non-negative parameters, and Q(x) is the follow-
ing log regularization term

Q(x) =
∑
d∈∆

N∑
i=1

log(|ωx
d (i)|) , (6)

where ωx
d (i) is the i-th pixel of the filtered image

ωx
d = Fdx , (7)

where Fd is a high-pass filter operator, and the index d ∈ ∆ identi-
fies one of the members of the used filter set. In this paper we have
used a filter set with elements ∆ = {h, v, hv, vh, hh, vv}, where
h, v represent the first order horizontal and vertical difference filters,
hv and vh represent first order differences along diagonals, and hh
and vv the horizontal and vertical second order differences. The reg-
ularization term favors sparsity of the high-pass filtered images Fdx,
and corresponds to a Super-Gaussian log prior used in blind decon-
volution [19]. We will later explain how to deal with the regularizer
at ωx

d (i) = 0.
As we will show in the experimental section, combining the t-

wo sequential optimization problems above into a simultaneous one
leads to improved performance, as this enables better exploiting the
compressibility of the LR observations using the additional informa-
tion derived from the estimated HR image. Let a = (a1, . . . ,aq)
and s = (s1, . . . , sq) and define

L(x,a, s) = η

2
∥ ΦWaq − yq ∥2 + τ ∥ aq ∥1

+
β

2

∑
q

∥ Bq(sq)x − Waq ∥2 + α Q(x), (8)

Then we can approach the CSSR problem by minimizing L(x,a, s)
where β is made iteratively large. Alternatively, we can solve

minL(x, a, s)
s.t. Bq(sq)x = Waq , for q = 1, . . . , Q , (9)

This is the approach we follow in this paper which will be described
in the next section.

3. A SUPER-RESOLUTION FROM COMPRESSED
SENSING APPROACH

The constrained optimization problem in (9) is converted into an un-
constrained optimization one, and modified to apply ADMM [20,
21]. We define the following augmented Lagrangian functional

L(x,a, s,λ) = L(x,a, s) +
∑
q

λt
q(Bq(sq)x − Waq), (10)

where L(x,a, s) has been defined in (8) and for q = 1, . . . , Q, λq

are D × 1 Lagrangian multiplier vectors with λ = (λ1, . . . ,λQ).
The ADMM gives rise to the following iterative sequence of uncon-
strained problems,

xk+1 = argmin
x

L(x, ak, sk,λk) , (11)

ak+1 = argmin
a

L(xk+1, a, sk,λk) (12)

sk+1 = argmin
s

L(xk+1, ak+1, s,λk) (13)

λk+1
q = λk

q − β[Bq(sk+1
q )xk+1 − Wak+1

q ] q = 1, . . . , Q,

(14)

where k is the iteration number. Let us now describe how xk+1,
ak+1, sk+1, and λ are calculated. The calculation of each λk+1

q is
straightforward. The function ρ(s) = log(|s|+ϵ) in (6) is symmetric
around 0, and ρ(

√
s) is concave and increasing for s ∈ [0,∞) [19].

So, it can be represented as (see [22])

ρ(s) = inf
ξ>0

1

2
ξs2 − ρ∗(

1

2
ξ) , (15)

where ρ∗( 1
2
ξ) is the concave conjugate function

ρ∗(
1

2
ξ) = inf

s>0

1

2
ξs2 − ρ(s) . (16)

It is shown in [19] that the infimum in (15) is achieved when ξ =
ρ′(s)/s. Consequently, for the regularization term Q(x) in (8), we
can write

Q(x) ≤ R(x, ξ) = 1

2

∑
d∈∆

xtFt
dΩdFdx −

∑
d∈∆

N∑
i=1

ρ∗(
1

2
ξd(i))

(17)

where ξ = (ξ1, . . . , ξQ), ξq = (ξq(1), . . . , ξq(N)) for q =
1, . . . , Q, with all its components positive, and Ωd is a diagonal
matrix with entries

Ωd(i, i) = ξd(i) , (18)

For a given x, the first inequality in (17) becomes an equality if (see
[19] for details),

ξxd (i) =
1

|ωx
d (i)|2 + ϵ

, (19)

where ωx
d (i) is defined from x using (7), ϵ > 0 is added to

avoid division by zero. Then we can apply standard Majorization-
Minimization (MM) methods [23]. Given xk,ak, sk and defining

Lk(x) = β

2

∑
q

∥ Bq(s
k
q )x −Wak

q ∥2

+
∑
q

λk
q

t
(Bq(s

k
q )x −Wak

q ) (20)

we have

Lk(xk) + αQ(xk) = Lk(xk) + αR(xk, ξxk

) (21)

≥ Lk(xk+1) + αR(xk+1, ξxk

) (22)

≥ Lk(xk+1) + αR(xk+1, ξxk+1

) (23)

= Lk(xk+1) + αQ(xk+1) (24)
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where

xk+1 = argmin
x

{
β

2

∑
q

∥ Bq(s
k
q )x −Waq ∥2 +αR(x, ξxk

)

+
∑
q

λk
q

t
(Bq(s

k
q )x −Wak

q )

}
(25)

Then, the optimization step in (11) produces the following linear
equation for xk+1[

β
∑
q

Bkt

q(s
k
q )B

k
q (s

k
q ) + α

∑
d∈∆

Ft
dΩ

k
dFd

]
xk+1

=
∑
q

Bk
q (s

k
q )

t
[
βWak

q − λk
q

]
(26)

where

Ωk
d(i, i) =

1

ϵ+ |ωxk

d (i)|2
(27)

and ϵ > 0 is included to avoid division by zero.
The optimization step in (12) for each aq produces

ak+1
q = argmin

aq

{η

2
∥ ΦWaq − yq ∥2 +τ ∥ aq ∥1

+
β

2
∥ Bk

q (s
k
q )x

k+1 − Waq ∥2 −λk
q

t
(Bk

q (s
k
q )x − Waq)

}
(28)

which is equivalent to

ak+1
q = argmin

aq

{η

2
∥ ΦWaq − yq ∥2

+
β

2
∥ Bk

q (s
k
q )x

k+1 − λk
q − Waq ∥2 +τ ∥ aq ∥1

}
(29)

The above equation can be rewritten as

ak+1
q = argmin

aq
∥ Φ′Waq − J′ ∥2 +τ ∥ aq ∥1 (30)

where

J′ =


√

η
2

yq√
β
2
(Bk

q (s
k
q )xk+1 − λk

q )

 and Φ′ =


√

η
2
Φ√

β
2

I

 (31)

with I the D ×D identity matrix.
The above optimization problem can be solved using the algo-

rithm in [24].
To update the registration parameters, we need to solve

sk+1
q = arg min

sq

∥ Bq(sq)xk+1 −Wak+1
q ∥2 (32)

However we have experimentally observed that a fast and re-
liable estimation of the registration parameters can be obtained by
estimating the warping parameters between the reconstructed LR ob-
servations with respect to the reference observation, rather than the
estimated HR image. Thus minimising

sk+1
q = arg min

sq

∥ C(sq)H
t
rA

tWak+1
r −Ht

qA
tWak+1

q ∥2 (33)

where r denotes the reference image assumed to be the first recon-
structed LR observation. The complete CSR algorithm is presented
in Algorithm 1

Algorithm 1 Compressive Sensing Super Resolution (CSR)
Require: Values α, β, τ , η.

Initialize a0, s0, λ0, Ω0 = {Ω0
d, d ∈ ∆},

k = 0
while convergence criterion is not met do

1. Calculate xk+1 by solving (26)
2. For d ∈ ∆, calculate Ωk+1

d using (27)
3. For q = 1, . . . , Q, calculate ak+1

q using (30)
4. For q = 1, . . . , Q, calculate sk+1

q using (33)
5. For q = 1, . . . , Q, update λk+1

q using (14)
6. Set k = k + 1

end while
return x

(a) Shepp-logan (b) Cameraman

(c) Lena (d) Satellite

Fig. 1. Original Images

4. EXPERIMENTAL RESULTS

To analyze the behavior of the proposed CSR method we carried out
a set of experiments on the images shown in Figure 1, namely the
shepp-logan, cameraman, lena, and satellite images. The image is
warped using random displacement vectors to account for horizontal,
vertical and rotational displacement. Then each image is degraded
by a Gaussian blur of different but known variance and it is down-
sampled. The observation is compressed using a circulant Toeplitz
matrix, to serve as a measurement matrix, following the Bernoulli
probability distribution. White Gaussian noise, with SNR=40dB, is
added to the compressed observations. Figure 2 shows an example
of the degradation process. We used a 3-level Haar wavelet transfor-
m as a transform basis W, and Peak Signal to Noise Ratio (PSNR)
as a performance measure. Three noisy observations were generat-
ed for each experiment, and the obtained average PSNR is showed.
Stopping criteria are met either when the maximum number of iter-
ations, being eighty, is reached, or when norm(xk−xk−1)

norm(xk−1)
≤ 10−4.
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(a) Warped (b) Blurred, Var=3

(c) Down-sampled, P=4 (d) Compressed, R=0.8 (e) Noised, SNR=40dB

Fig. 2. Stages of degradation process.

In the first experiment, we compare our method with the follow-
ing existing SR methods: Bicubic Interpolation, SR using total vari-
ation prior [25], SR using l1-norm prior [26], SR using simultaneous
auto regressive regularization prior [27], Robust SR [28], and Zomet
SR [29], all using the default parameters in [30]. The abbreviations
we use to refer to them are respectively: Bi, Sv, Sl, Sr, Rt, and Zt.
CSR refers to our proposed algorithm, where we used compression
ratio R= 1.0 to comply with the above mentioned algorithms which
do not use compressed observations. Results are tabulated in Table
1.

Table 1. Performance comparison for SR algorithms with proposed
CSR algorithm, with P=4, SNR=40dB, Q=4 and for CSR R=1.0.
Every experiment was repeated three times and the shown values are
the average values. In bold are the highest PSNR values.

Alg Bi Sv Sl Sr Rt Zt CSR
Img Var PSNR Values

3 17.9 21.6 20.7 21.4 20.8 18.7 26.4
Shp. 5 17.9 21.7 21.2 22.0 20.5 18.7 25.9

7 17.9 21.5 21.6 22.4 20.9 18.8 25.1
3 20.5 21.8 21.9 22.2 21.1 20.5 25.2

Cam. 5 20.5 21.8 21.7 22.1 20.9 20.4 25.0
7 20.5 21.7 21.5 21.8 20.7 20.4 24.3
3 21.0 26.0 25.8 26.4 22.2 21.7 29.1

Len. 5 21.1 26.3 25.9 26.9 20.1 21.7 28.2
7 21.1 26.0 25.6 26.8 23.4 21.7 27.5
3 20.5 23.4 21.9 24.1 23.4 21.1 28.9

Sat. 5 20.6 23.6 20.6 24.2 22.6 21.0 28.5
7 20.6 23.7 21.3 24.2 23.2 21.1 27.9

Figure 3 shows a comparison between SR algorithms and the
proposed CSR algorithm. Curves of PSNR vs variance of the blur
affecting the Shepp-logan image, are shown for R=1.0, for all algo-
rithms.

We now investigate the performance of the proposed CSR algo-
rithm for compression ratios R less than one. For all images we used
Gaussian blur of variance 3, zooming factor P=1, and SNR=40dB.
The results are shown in Figure 4 for the four images used in our
study and different values of R.

Figure 5 shows estimates for x, using CSR, with Blur Var=3,
SNR=40dB, Q=5: In 5(a) R=1.0, P=4 while in 5(b) R=0.8, P=4.
This figure shows that a 256 × 256 HR image can be recovered by
R=0.8 CS sampling of five 64× 64 LR images; with a percentage of
5% of the original image size, and still CSR algorithm is capable of

3 5 7
15

20

25

30

Blur Variance

PS
N

R

CSR
Sv
Sl
Sr
Rt
Zt
Bi

Fig. 3. Comparison between SR algorithms and CSR algorithm for
the Shepp-logan image, for P=4, SNR=40dB, Q=4, and for CSR,
R=1.0.

0.1 0.3 0.5 0.7 0.9
20

25

30

Compression Ratio
PS

N
R

Shp
Cam
Len
Sat

Fig. 4. Performance Measure of proposed CSR vs R. P=1, Blur
Var=3, SNR=40dB, Q=3.

(a) R=1.0, P=4 (b) R=0.8 , P=4

Fig. 5. Estimated 256 × 256 Images using CSR. Q=5, Blur Var=3,
SNR=40dB.

successful reconstruction.

5. CONCLUSIONS

In this work we have proposed a framework to recover SR images
from multiple CS downsampled and warped observations of the
same scene. Any classical SR technique can be incorporated in the
developed methodology. At compression ratio one, the proposed
approach shows better performance than algorithms dealing with
SR without CS. For ratios below one, it also produces high quality
reconstructed images. The proposed framework can be extended to
compressive video for the estimation of both intra-frame and inter-
frame SR. It can also be applied to passive millimeter wave images
since those images are inherently LR and CS systems have already
been proposed.
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