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ABSTRACT
In this paper we address the Phase Retrieval problem, which aims
to recover the phase of the Fourier transform of a signal when only
magnitude measurements are available. Following recent develop-
ments in Phase Retrieval, the problem can be transformed into a con-
vex semidefinite programming optimization problem, which can be
solved using Matrix Completion techniques. In this paper the acqui-
sition process is modeled using a likelihood function, which splits
the original problem into two convex optimization problems, and al-
ternates between the solution of each of them. To relate both convex
problems we introduce a heuristic, which results in fast convergence
of the proposed method.

Index Terms— Phase, retrieval, lifting, nonconvex quadratic
programming, alternating minimization

1. INTRODUCTION

PHase Retrieval (PHR) refers to methods aiming to recover the phase
of the Fourier transform of a signal when only magnitude measure-
ments are available. These applications include X-ray crystallogra-
phy [1, 2, 3], coherent diffraction imaging [4], microscopy [5], array
imaging [6], blind deconvolution [7], acoustics [8], interferometry
and astronomy [9, 10].

Advances in microscopy equipment and methods [11], in combi-
nation with novel theoretical results stemming from the Compressive
Sensing theory [12], have rekindled interest in the problem .

The widely accepted methods for reconstruction of images from
Fourier domain magnitudes before the aforementioned develop-
ments, were the Gerbert-Saxton [13] and Fienup [10] algorithms.
Both these methods are based on projections on non-convex sets and
thus do not guarantee convergence requiring prior knowledge on the
input to obtain a good solution.

In [12] and [14] Candès et al. challenged the existing approach
by transforming the problem into a convex Semidefinite Program-
ming (SDP) optimization problem using a technique known as “lift-
ing”. By utilizing similar arguments to low rank matrix completion,
they guarantee uniqueness of the solution given that the forward lin-
ear operator has a RIP-1 property and the number of measurements
is sufficiently higher than the length of the sought signal. This can
be practically implemented with a Coded Diffraction Patterns [15]
sampling scheme, where random masks are used to encode the sig-
nal.

Following the SDP optimization idea, the authors of [16] also
impose an l1 norm regularizer on the objective function to decrease
the number of necessary measurements according to the sparsity of
the sought signal. In [17] the authors introduce the underlying equiv-
alence of PHR with the problem of graph segmentation and propose
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a block coordinate descent algorithm for optimization. This paper
also provides a reformulation of the complex input case of the prob-
lem to a problem with real variables.

The SDP formulation of the problem has been deemed to be im-
practical for large signals, since it requires the manipulation of large
arrays due to the lifting technique. As a result, researchers have fo-
cused on nonconvex methods for the problem. In [18], Shechtman
et al. use a nonconvex formulation of the problem for sparse signals
and construct a solution using a combination of greedy and local op-
timization techniques. In [19], Candès et al. provide guarantees for
convergence and exact solutions when the algorithm is initialized to
a good approximation of the original signal, using a spectral initial-
izer. Their optimization method uses stochastic Wirtinger gradients
to accommodate for complex signals and the nonconvex nature of
the objective function. Following the idea of spectral initialization
the authors of [20] and [21] introduce the idea of anchor vectors. In
this case, the original signal is recovered by minimizing a convex l1
minimization problem, using a vector that is known to be correlated
with the sought signal. Finally, in [22] Netrapalli et al. also use an
initial estimate and employ Gerbert-Saxton like iterations.

The approach introduced in this work, stems from the Varia-
tional Bayesian Matrix Completion (VBMC) methodology. In de-
tail, VBMC formulates the low rank matrix completion problem as a
nonconvex problem based on the Burer-Monteiro approach [23, 24]
introduced in [25]. Such a formulation can also be used to obtain
tractable probability distributions for the input vectors in the case of
PHR. See section 2 for technical details.

The presented algorithm corresponds to alternating minimiza-
tion where the equality of the two alternating variables, namely a
and b, is enforced. In brief, the presented solution belongs to the
biconvex alternating minimization family of algorithms for low rank
matrix estimation, with the added feature of enforced equality of a
and b.

The rest of the paper is structured as follows. The formulation
for the PHR problem is introduced in section 2. In section 3 we
use Maximum likelihood inference and introduce a new heuristic to
derive a new PHR algorithm. Experimental results are provided in
section 4, and finally, section 5 concludes the paper by summarizing
the core ideas and outcomes of the experiments.

2. PROBLEM FORMULATION

In this paper we assume the observations are acquired according the
following forward model

yij = |fTi Wjx|2 + εij , i = 1, . . . , N and j = 1, . . . ,K, (1)

where a matrix Y ∈ RN×K with entries yij , is observed by ap-
plying a set of K masks Wj ∈ RN×N (diagonal matrices) to the
original signal x ∈ RN×1, and then measuring the square of the
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magnitude of the Discrete Fourier Transform (DFT) of the masked
signal, where the DFT matrix is represented by F ∈ CN×N with
rows fTi , i = 1, . . . , N . Finally, a noise term εij is added to the
observation. This observation model corresponds to sample acquisi-
tion systems where the sampled image is first modulated before the
transformation and measurements. Examples of such systems are
masking [26] and ptychography [27].

In [14] the authors introduce a new technique called “lifting”,
which transforms the problem of estimating the vector x, into a prob-
lem of estimating a rank-one matrix from affine constraints. The new
problem does not lead to unique solutions when the number of mea-
surements is equal to the length of the input signal, however by using
more than K = 3 masks the uniqueness of the solution is guaran-
teed (see [14] for details). The PHR problem is transformed to the
following matrix completion problem

find X subject to (2)
i) rank(X) = 1, ii) X � 0 (positive semidefinite matrix)

iii) (yij − Tr [HijX])2 ≤ εij , i = 1, . . . , N, j = 1, . . . ,K.

with Hij = Wj

(
Re(fi)

T Re(fi) + Im(fi)
T Im(fi)

)
Wj .

To solve this problem we follow the modeling proposed in [28]
for matrix completion. Since rank(X) = 1, X can be factorized as
X = baT . Assuming {εij} is a Gaussian identically distributed
noise with variance β−1, constraints i) and iii) lead to the following
observation model

p(Y|a,b, β) =

N∏
i=1

K∏
j=1

N (yij |aTHijb, β
−1). (3)

Instead of constraining ii) X � 0 we force our solution to ii’)
a = b. Notice that forcing ii’) the eigenvalues of X are given as
eig(X) = {aTa, 0 . . . 0} (i.e. all the eigenvalues are higher or equal
to zero) and therefore, ii’) is a stronger constraint than ii). As we
show in the experimental section, even being a stronger constraint,
ii’) also leads to expected solutions.

3. MAXIMUM LIKELIHOOD INFERENCE

In this section our goal is to estimate the unknowns a and b, which
maximize the logarithm of the likelihood in eq. (3) subject to the
condition that a and b coincide,

â, b̂ = arg max
a,b

log p(Y|a,b, β) s.t. a = b. (4)

However, the functional form of the joint likelihood in eq. (4)
does not allow to optimize all variables simultaneously. To avoid this
problem, we propose to alternate in the estimations of the unknowns.
For iteration n+ 1 we estimate

a(n+1) = arg max
a

log p(Y|a,b(n), β(n)) (5)

b(n+1) = arg max
b

log p(Y|a(n+1),b, β(n)) (6)

In order to solve the problem in eq. (5) we take derivatives with
respect to a in log p(Y|a,b(n), β(n)) and equating to zero we ob-
tain (

N∑
i=1

K∑
j=1

Hijb
(n)b(n)THT

ij

)
a = va, (7)

where va =
∑N

i=1

∑K
j=1 yijHijb

(n).

To estimate b(n+1) we solve the problem in eq. (6). Taking
derivatives with respect to b in log p(Y|a(n+1),b, β(n)) and equat-
ing to zero we obtain(

N∑
i=1

K∑
j=1

HT
ija

(n+1)a(n+1)THij

)
b = vb, (8)

where vb =
∑N

i=1

∑K
j=1 yijH

T
ija

(n+1). The linear equations sys-
tems in eqs. (7) and (8) are solved using gradient descent.

To enforce a = b we introduce a heuristic which amounts to
replacing the vectors a and b with the mean of both of them. i.e. we
refine the solution at each iteration as

ā(n) = b̄(n) =
a(n) + b(n)

2
. (9)

This calculation refines the estimated solution by projecting it to
the space of matrices of the type X = ā(n)ā(n)T .

At this point it is important to mention that the algorithm con-
verges without the step deriving from the proposed heuristic. As
the iterations of the algorithm unfold the vectors a and b approach
the optimal solution but they stop short of being exactly equal to it,
as well as equal to each other. Experiments show that without the
heuristic step, the algorithm will find solutions that are about 1e-2
away from the original signal in terms of normalized error, for the
noiseless case. The introduction of the step of equation 9 enforces
the equality of a and b while making the algorithm exact and con-
vergence faster.

The nonconvex approach for Phase retrieval usually involves the
initialization of the a and b vectors to some close estimates of the
original signal. In this work we use the Truncated Wirtinger Flow
initialization proposed in [19]. Empirical results show that the pro-
posed algorithm always converges when Wirtinger Flow initializa-
tion is used.

4. EXPERIMENTAL RESULTS

In this section we evaluate the performance of the proposed method,
and compare with the state-of-the-art methods Wirtinger Flow Phase
retrieval (WF) [19], and PhaseMax [20]. The proposed method was
implemented in MATLAB©, and code for WF and PhaseMax was
downloaded from http://www-bcf.usc.edu/~soltanol/WFcode.html
and https://www.cs.umd.edu/~tomg/projects/phasemax, respec-
tively. All the experiments were run on a 4 core CPU laptop with 16
GB of RAM. The algorithm ends when the estimated solution does
not change more than a predefined threshold set to 10−6.

4.1. 1D experiment

In our first experiment, we generate 1D groundtruth signals of sizes
64, 128, 256, 512, 1024 and 2048, by sampling a Gaussian distri-
bution with mean 0 and variance 1. The masks Wj , j = 1, . . . ,K
in eq. (1) are randomly generated by a Gaussian distribution with
mean 0 and variance 1. The observation Y was obtained follow-
ing the forward model introduced in eq. (1), i.e. the entry yij is
obtained by applying the j-th mask to the original signal, then we
apply the Fourier transform and calculate the Squared magnitude of
the i-th component. Finally additive Gaussian noise with variance
σ2 is added. In this experiment we consider the following values for
σ2 = {0, 0.252}.

Table 1 shows the Mean Squared Error of the output signal, the
running time and the number of iterations, for input signals of sizes
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Fig. 1. Semilogarithmic plot of mean Squared error with each iter-
ation for σ2 = {0, 32, 0.62, 0.032, 0.0052}. The m/n ratio (K) is
equal to 4.

64, 128, 256, 512, 1024 and 2048, and for K = 4, 8 masks. As
expected, a higher number of masks K results in smaller errors and
less iterations.

size K Mean Squared Error time (s) iterations
64 8 9.23e-16 0.07 5
128 8 1.77e-15 0.12 5
256 8 3.62e-15 0.43 5
512 8 9.41e-15 2.64 5
1024 8 6.23e-13 17.82 5
2048 8 3.44e-14 110.09 5
64 4 6.93e-11 0.038 5
128 4 6.67e-11 0.09 6
256 4 5.32e-12 0.27 6
512 4 2.38e-12 1.92 7
1024 4 4.03e-10 13.56 7

Table 1. Algorithmic performance for various problem sizes for 1D
noiseless smooth signals.

Fig. 1 and Fig. 2 show the mean Squared error of the output
signal for all the noise levels. ForK = 4, the SNR of the input signal
are ∞, 76dB, 63dB, 35dB, 21dB for the respective values of σ2,
and for K = 8, the SNR values are∞, 75dB, 65dB, 34dB, 23dB.
As expected, a higher level of noise leads to a higher error, with
the noiseless case yielding exact reconstructions. When the level of
noise increases, we observe that the proposed method needs a lower
number of iterations to converge a solution with more error. We also
observe that forK = 8, convergence is faster and error is lower than
the K = 4 case.

Figure 3 shows the evolution of the mean Squared error with re-
spect to the running time, for the proposed method, WF and Phase-
Max, for a signal of size 64, K = 8 masks and SNR = 31dB. The
proposed algorithm needs 0.03 seconds to reach a normalized error
of 0.0098 while WF and PhaseMax require 0.4 and 0.24 seconds,
respectively. The proposed methods and WF return a solution with
the same Mean Squared Error (0.0098), whereas PhaseMax returns
a solution with higher error (0.04).

Figure 4 shows the running time when the size of the input sig-
nal increases. The proposed method is faster than WF and PhaseMax
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Fig. 2. Semilogarithmic plot of mean Squared error with each iter-
ation for σ2 = {0, 32, 0.62, 0.032, 0.0052}. The m/n ratio (K) is
equal to 8.

for input signals of size lower than 1024. This is because each itera-
tion of the proposed method involve the solution of two linear equa-
tion systems per iteration while WF and PhaseMax are based on fast
solvers utilizing Stochastic gradient descent and Forward/Backward
splitting, respectively, which are more efficient when the input signal
is higher than 1024.

4.2. 2D experiments

In order to evaluate the proposed method on real images, we gener-
ate a synthetic example. Original “Lena” image is downsampled to
32×32 and 64×64. For each size we generate the corresponding ob-
servation following the forward model in eq. (1), for K = 4, 8, 16
masks, and adding Gaussian noise of variance σ2 = {0, 0.252},
where σ2 = 0 corresponds with the noise-free case.

Table 2 shows the performance of the algorithm with real images
in the noise-free case. For the 64×64 image, we observe that a there
is a relationship between the number of masks, Mean Squared Error
and iterations, that is, for a smaller number of masks, the proposed
method needs a higher number of iterations to produce a solution
with higher Mean Squared Error. For the 32×32 image, the method
needs 5 iterations to converge for K = 4, 8, 16 masks, but again the
Mean Squared Error decreases when number of masks increases.

The running time for the 32 × 32 image is around 20 seconds,
and for the 64× 64 image is around 15 minutes.

Fig. 5, and Fig. 6 show at the right, the reconstruction for the
noise-free case for the 64x64 image, for K = 8 and K = 16, re-
spectively. For visual comparison purposes, Fig. 5 and Fig. 6 show
a the left the original 64x64 image. No differences can be observed
between original and reconstructed images.

For the noisy case, the generated observation has a SNR of
42dB. Figure 7 at the right depicts the reconstruction for the noisy
observation, for comparison purposes we also show the original
64 × 64 image at the right. For this reconstructions the Mean
Squared Error is 0.024.
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Fig. 3. Comparison of execution times against Mean Squared Er-
ror values for the proposed method WF and PhaseMax. All three
algorithms used the same initialization point using Wirtinger initial-
ization. The circular markers indicate when the first iteration of each
algorithm returned. The noise level of the measurements gave an
input SNR of 31dB and the signal size was 64.

size K Mean Squared Error iterations
32x32 4 4.76e-13 5
32x32 8 3.94e-13 5
32x32 16 1.02e-13 5
64x64 4 2.90e-10 10
64x64 8 2.15e-11 6
64x64 16 4.82e-12 5

Table 2. Algorithmic performance for reconstruction of “Lena” im-
age

5. CONCLUSION

In this paper we have introduced a new algorithm to address the
Phase Retrieval problem. Inspired by previous works, which trans-
form the Phase Retrieval problem in a Matrix Completion problem,
we have modeled the acquisition process using a likelihood function,
which reduces the phase retrieval problem to alternating minimiza-
tion by solving two convex problems. To link both problems, we
have proposed a heuristic, which produces fast convergence. In the
experimental section, the algorithm is tested using various problem
sizes, noise levels, initializations and numbers of measurements. Re-
sults show that the algorithm converges in a small number of itera-
tions and that the numerical error is determined by the level of noise
during measurements.
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